Abstract. We study a semilinear elliptic equation of the form
Introduction
The aim of this paper is to study subcritical semilinear elliptic equations in unbounded domains. As an example, let N>_3, pE(2.2*), where 2*=2N/(N-2), and consider the equation 
-Au+u=lulP-2u, u E H~(Q).
where ft is a domain in R N. \Vhen f~ is bounded, the equation has infinitely many solutions, and the corresponding functional
l / (u2 +[V'u[2)dx-~ j(~ lulP dx
has an unbounded sequence of critical values. There are several proofs of this result, the first of which was made by ambrosetti and Rabinowitz [1] (see also [10] ).
Let c be a real number. A (P S)~ sequence is a sequence u s EH~ (f~) such that ~'(~,)
~(uj) --~c and ~0.
The functional ~ is said to satisfy the (P-S)~ condition if every (P-S)c sequence has a convergent subsequence. When this condition is satisfied for all c>0. there are known methods of obtaining an unbounded sequence of critical values of g (see e.g. [8] ). In the case when f~ is bounded, the (P-S)~ condition follows from the compactness of the embedding of Hi(f1) into LP(f~).
In this paper we prove that in man?-cases, g satisfies the (P S)~ condition even when f~ is unbounded. A typical example of a domain of this kind is the tube 9.: {(.. y) e l~" • R-Y-" : lyl < ~(x)}.
where l<n<N-1 and 9: R~--+R is continuous, positive and such that the limit
exists and 9(x)>9~ for all xER'.
Preliminaries and formulation of the problem
Let N_>3 and let f~cR:" be a domain. Consider the equation 
Then p E C 1 (H~ (f~), R), and the critical points of ~ are the weak solutions of (2.1). Note that every bounded domain is strongly asymptotically contractive. The following examples show that there are a lot of other domains satish'ing this condition. Our first two examples of domains were also studied by del Pino and Felmer in [5] , where the existence of least energy solutions of (2.1) was proved. Then f~ is strongly asymptotically contractive. The proof is similar to the proof of Example 1, and therefore is omitted. The rest of this paper concerns the proof of this theorem.
The (P-S)e condition
In this section, we prove that ~ satisfies the (P-S)c condition for every c>O if f~ is a strongly asymptotically contractive domain. 
Let e>0 be given. Then by (2.2), (f2), (i) and (ii), for j large enough,
+1
Hence IlujllH1 is bounded and c_>0. Moreover. is from Sehindler and Tintarev [7] . (See also [6] and [9] .) 
Lemma 3. Let ~cR N be a strongly asymptotically contractive domain, and let ~ be the functional defined in (2.2), where f EC(~ • satisfies (fl), (f~), (f3) and (f4). Then p satisfies the (P-S)c condition for any c>0.
Proof. Let c>0, and let ~jcH~(~) be a (P-S)~: sequence for ~. We start by observing that by Lemma 1. the sequence uj is bounded. Hence we can apply Lemma 2, and rewrite uj as a sum cx: By taking a subsequence, we can assume that this relation holds for every j>_jR. Hence Let, rECk(f "t) be arbitrary. Then By the previous paragraph, f~0 has a nonempty interior. Note that by (f2), -Ag:(~')+~ (') >0 in 9._.
-A~(")+t~(") <0 in .Q .
We claim that ~(n)=0 in fL i.e. f~0=f~. Suppose to the contrary that ~Q+Uf~_ is nonempty. Then either fL or f~ has a component whose boundary is intersecting the boundary of t2~). Suppose first that f~+ has a component 0+ such that 00+N0f~0r
By applying the strong maximmn principle (see [2] , Theorem 8.19. 
LP(12)ALq(f~) ~ u ~-+ f(x, u) C L p/(p-1) (-Q)-~ Lq/(q-1)(Q)
(see e.g. Theorem A.4., p. 134. in [10] ),
f(x, ui) -+ f(x, w (~ in LP/(P-1)(Q)+Lq/(q-1)(f~).
We write f=fl +f2, where fl ELP/(P-1)(f~) and f2 E Lq/(q-1)(Q) 9 Observe that 
<_ ./])(fl (x, uj(x) )--fi (x, w(~ ([12) ) )(?lj (x) ~ ~ ( O ) ( x ~ ) dx .~ (f2(x, uj(x) )-f2(x. w(~ (x) ) )(uj(x)-w(~ (x) ) dx +
By taking the infimum over the Nnctions fl E Lp/(p-1)(Q) and f2 ELq/(q-1)(f~) such that f=fl+f2, we obtain uj~w (~ in H~(f~).
Infinitely many solutions
We obtain all infinite sequence of critical values from the following theorem (see e.g. Theorem 6.5 of [8] ). Proof of Theorem 1. We apply Theorem 2 with V=H~(~). It is clear that ~2ECI(HI(~), R) is even. By Lemma 3, the (P-S)c condition is satisfied for every c>0. We only need to check conditions (i) and (ii).
Integrating (fl), there is a constant C1 >0 such that for all z'E~ and scR,
If(*, s)l _< c~ (IsF+ Islq).
By the Sobolev embedding theorem, we have the estimate 
